Abstract
We study the relation between the results obtained by the approximate and the proper models, with respect to the velocity of the movement.
Small magnet falling in a tube

The studied configuration and the EM model
Let us consider a very long tube in which the magnet falls with a constant velocity v (the sum of all forces acting on the magnet -gravity, drag and magnetic-gives zero). Herein v is assumed to be known. The magnet is assumed to be small, i.e., it is modelled by a magnetic dipole with a vertical moment, moving on the axis of the tube (z), see Since only the relative motion of the magnet and the tube counts, in our model, we fix the magnet to the center of the cylindrical coordinate system and the tube is assumed to move to the +z direction with a velocity v = ê z v z . Let us denote the magnetic induction of the dipole by B 0 (expression is available in textbooks, e.g., in [11] ). Our goal is to obtain the current density J within the tube wall.
The constitutive relation in the moving conductor 1 -as a consequence of Faraday's induction law is:
where E and B are the electric field and the magnetic induction in the rest-frame, respectively. E is zero, since no static charge is experienced anywhere in the conductor. This is explained by the axial symmetry of the configuration and by the fact that J has an azimuthal component only. Equation (1) includes B, which is the total magnetic induction in the rest-frame. As a first approach, let us assume B = B 0 , i.e., let us neglect the induction associated with the current in the tube wall. In so doing, the current density -now denoted by J 0 -can easily be expressed:
where B 0r is the radial component of the induction of the dipole.
In the proper model, however, we have to write the total induction as a sum of two terms, B = B 0 + B e , where the so far neglected second term is generated by the currents in the tube wall. Let us derive B e from a vector potential: B e = Ñ × A. This potential satisfies the Poisson's equation (with the gauge Ñ · A = 0):
Rewriting this into (1), we get:
Since B e has axial (z) and radial (r) components only, A is azimuthal: A = A φ (z, r)ê φ . The differential equation for A φ is:
In the air-filled regions inside and outside the tube, σ = 0 is set in (5) . A φ is continuous at the boundaries and vanishes at infinity.
Equation (5) cannot be analytically solved; we use the Finite Element Method. In the PDE-toolbox of Matlab ® the elliptic equation scheme is used, and the term containing
is put to the right side and the equation is solved as a nonlinear one. Once A φ is obtained, the current density is given by (3).
The obtained current density distribution makes the calculation of the force acting on the magnet possible. This can be used for, e.g., the calculation of the steady state velocity of the fall, when the mass of the magnet is known and the drag forces are neglected (this is out of the scope of this paper).
Numerical example for the magnet falling in a tube
The studied tube is made of copper (conductivity: σ = 57 MS/m). Let its inner and outer radii be a = 7.85 mm and b = 9.75 mm, respectively. The magnetic moment m of the dipole which models the small magnet is not given, we only know that m is z-directed. Let us note that the solution of (5) linearly depends on B 0r , and so on m as well. That is, the magnitude of m can be arbitrarily chosen and we are free to study the normalised current density only.
The current densities at the inner tube wall, along z, have been calculated and plotted for two velocities (2 m/s and 10 m/s) in Fig. 2 . The discrepancy between the results of the approximate and the proper model gets larger as the velocity increases, as expected. The typical velocities in such experiments are smaller than about 2 m/s -which corresponds to the first case presented in Fig. 2 -, thus, the approximate model provides satisfying accuracy. However, the limitation of the approximation has been pointed out. At a velocity of 10 m/s, a significant difference is experienced between the results of the approximate and proper models. The current distribution is not symmetric to the origin, in contrast with the prediction of the approximate model. 
A plate moving below a magnetic dipole
Configuration and EM model
As a second example, an infinite, non-magnetic, conducting plate of thickness a is considered, which moves with a constant velocity v = v x ê x (Cartesian coordinates are used in this case), as sketched in Fig. 3 . The plate surfaces are the z = ±a/2 planes. A z-directed magnetic dipole is placed to the point (0, 0, h), where h ≫ a holds. Due to the relative motion of the conductor and the magnetic field of the dipole, an electromotive force is induced and it drives a current within the plate. As the plate is thin, the z component of the current density J is neglected, moreover, J is assumed to be constant along z. When considering the interaction between the dipole field and the current within the plate, these assumptions on J enable us to model the current distribution by a surface current K within the plane z = 0:
.
The constitutive relation (1) now gives
In contrary with the tube-case, the electric field in the rest frame E is not zero, because of the static charge distribution arising within the conductor [6, 7] . As we consider the steady state, the electric field can be derived from a scalar potential. The components of E within the xy plane are expressed as E = −Ñ t ϕ, where Ñ t is the tangential gradient in the xy plane.
The magnetic induction has two terms again: the incident field generated by the dipole and the "reaction field" due to the induced current within the plate: B = B 0 + B e . The dipole field B 0 has an analytical expression; whereas the reaction field can be expressed by means of the Biot-Savart law, knowing the surface current density K. Let the operator  denote the application of the Biot-Savart law as follows: As a first "approximate" approach -most commonly used in the literature-, the reaction field B e is neglected and simply the Poisson's equation
is solved for ϕ.
Our proper model takes into account B e , and expresses it by using (8) as: 
(12)
As B ez depends on ϕ, (13) can be solved by, e.g., FEM, combined with an iterative scheme implemented in the Matlab ® pdenonlin function.
Numerical evaluation of the Biot-Savart law on a finite element mesh
The solution of the integral equation (12) is obtained within the frame of the applied mesh-discretisation of FEM. A finite surface S in the xy plane below the magnet is meshed; let n be the number of nodes and m be the number of triangles of the mesh respectively. Using the nodal values ϕ 1, 2, . . . , n), a piecewise constant approximation can be established for K, based on (7). Let the current over the l-th triangle be denoted by K l , the barycentre coordinates of this triangle are (χ l , ψ l ) and its area is S l , respectively (l = 1, 2, . . . , m). The Biot-Savart law (8) is approximated and the reaction field at the k-th node (x k , y k ) is expressed as:
hat is, a Riemann sum replaces the integral. By expressing B ez k = B ez (x k , y k ) for all k = 1, 2, . . . , n using (14), and by enforcing (12) at all n mesh nodes, a linear system of n equations for the n nodal values of the reaction field B ez k is obtained. This is solved in each cycle of the iterative scheme of pdenonlin.
Results for the moving plate
In the numerical study, a copper plate with a conductivity of σ = 57 MS/m and thickness a = 1 mm is considered (note that neither σ, nor a appears alone anywhere, but their product counts in this model). The distance of the magnetic dipole is h = 10 cm. The model domain in the FEM computation is a half-circle with a radius r = 50 cm. The diameter of the halfcircle lies along the x axis and the line-symmetry (to the x axis) is taken into account in the implementation.
In Figure 4 , the y component of the surface current density is plotted along the x axis. Let us recall that the "approximate" method involves the solution of (10), whereas the "proper" method is based on (13) and (14). In Figure 5 , the distribution of the surface current density over the xy plane is visualized by the current-paths.
Conclusion
The numerical calculation of the eddy-current distribution within conductors due to a moving magnetic dipole has been studied, in two standard demonstrative cases.
Special emphasis is put on that component of the total magnetic field which is generated by the induced eddy-currents. This component is much smaller than the imposed magnetic field in the standard configurations at small velocities, so it is often neglected. However, we pointed out that it does have a considerable effect at higher velocities, and also emphasized that from an educational point of view, one should take it into account. A 2D FEM simulator has been used for the calculations, which are thus thought to be easy to follow and reproduce by university students.
(14)
(a) Small speed, the difference is not significant. 
